Thermochemistry of gas-phase ion-water clusters together with estimates of the hydration free energy of the clusters and the water ligands are used to calculate the hydration free energy of the ion. Often the hydration calculations use a continuum model of the solvent. The primitive quasichemical approximation to the quasichemical theory provides a transparent framework to anchor such efforts. Here we evaluate the approximations inherent in the primitive quasichemical approach and elucidate the different roles of the bulk medium. We find that the bulk medium can stabilize configurations of the cluster that are usually not observed in the gas phase, while also simultaneously lowering the excess chemical potential of the ion. This effect is more pronounced for soft ions. Since the coordination number that minimizes the excess chemical potential of the ion is identified as the optimal or most probable coordination number, for such soft ions, the optimum cluster size and the hydration thermodynamics obtained without account of the bulk medium on the ion-water clustering reaction can be different from those observed in simulations of the aqueous ion. The ideas presented in this work are expected to be relevant to experimental studies that translate thermochemistry of ion-water clusters to the thermodynamics of the hydrated ion and to evolving theoretical approaches that combine high-level calculations on clusters with coarse-grained models of the medium.
I. INTRODUCTION
Ion-water clusters represent the transition between an ion in the gas phase and a fully hydrated ion. Hence these systems have been extensively studied to understand the thermochemistry of hydration and to infer how bulk properties emerge from properties of ions in clusters [1] [2] [3] [4] [5] [6] [7] [8] . Most notably, attempts have been made to infer the hydration free energy of an isolated ion, a thermodynamic descriptor of the nonideal interactions between the ion and water, by analyzing the thermochemistry of forming ion-water clusters X[H 2 O] n 9-11 , where X is the ion.
Thermochemical data alone is inadequate for inferring the structural characteristics of hydration. In this regard, theoretical calculations of cluster formation have proven useful. (For example, see Refs. 12-19.) Moreover, such calculations together with hydration free energy calculations of the clusters and water ligands have been used for estimating the hydration free energy of single ions. In calculating the hydration free energies, almost always a continuum model for the bulk solvent is assumed and either one 16 or an ensemble 14 of gas phase configurations of the cluster is used for obtaining the hydration free energy of the cluster. In some studies the gas-phase cluster is also allowed to relax in response to the model bulk medium 15 . An important development in the statistical mechanics of hydration has been the quasichemical organization [20] [21] [22] [23] [24] of the potential distribution theorem. This approach provides a rigorous, statistical mechanical framework to relate the thermodynamics of solutewater clusters to the bulk hydration of the solute. In practical implementations, approximations to the quasichemical theory are invariably made. In the primitive quasichemical approximation, -the adjective primitive indicates neglecting the role of the bulk medium on the local clustering reaction -the thermochemistry of ionwater clustering in the ideal gas phase, obtained using standard quantum chemistry approaches, is coupled with estimates of the response of the bulk medium, treated either as a dielectric continuum [25] [26] [27] [28] [29] [30] or as a discrete molecular solvent 31 .
Within primitive quasichemical theory, the hydration free energy is estimated by varying the number of water molecules in the cluster and finding the optimal coordination number that minimizes the hydration free energy of the ion. This cluster variation approach has proven successful in establishing the hydration structure of small, hard ions such as Li + (aq) 25 , Na + (aq) 26 , and Be 2+ (aq) 28 ; for these cases, the optimal coordination structure predicted by primitive quasichemical theory is in good agreement with the most probable coordination observed in ab initio molecular dynamics simulations (AIMD). Similar agreement is also seen for Mg 2+ , Ca 2+ , and some of the transition metal dications 32 . Given the then limitations of small systems, short simulation times, and uncertain quality of the underlying electro density functionals in AIMD simulations (for example, Refs. 33 and 34), primitive quasichemical theory proved useful in cross-checking the simulation results itself. (The predictions for H
+35
and HO −36 are also in fair agreement with AIMD simulations, but consensus remains elusive 37, 38 . These systems also challenge both theory and simulations because of the need to describe nuclear quantum effects.)
For the soft K + ion, primitive quasichemical predicts an optimum coordination with four (4) water molecules 30 . But the results from AIMD simulations are less conclusive. Some studies identify an inner-coordination number of four and a second outer-population with two additional water molecules within the nominal first hydration shell of the ion 30, 39 , but others make no such distinction 40 . Beside K + , it has also been well appreciated that for some of the halides, optimum gas-phase clusters can show intermolecular bonding between the coordinating shell water molecules 14, 41 , a feature that is not usually observed in the coordination structure for the hydrated ion in the liquid. Thus the primitive quasichemical approach for these ions has not been successful in reproducing the hydration structure and thermodynamics. The limitations in describing the hydration of soft cations and anions suggests that the bulk medium plays an important role in the hydration structure of these ions. Developing the framework to understand this effect is the objective of this article.
In Section II, we present the quasichemical theory, elucidate the role of the medium, and highlight the physical consequences of the primitive quasichemical approximation. In our previous work 42 we showed the importance of occupancy number variations of water in an empty coordination sphere for understanding an ion's coordination structure. Developing those ideas further, here we find that the bulk medium promotes a better packing of solvent molecules around the ion, leading to a decrease in the contribution to the hydration free energy due to interactions between the ion and the solvent molecules within the coordination sphere. The medium stabilizes configurations which are otherwise not observed in isolated ion-solvent clusters. Without proper account of this effect, the predicted optimal coordination state is typically lower than the optimal coordination observed in simulations, and appreciating this effect is necessary in calculating hydration thermodynamics as well.
II. THEORY A. Quasichemical theory
We present only the main elements of the quasichemical theory; more extensive discussions are available elsewhere [21] [22] [23] [24] . We define the coordination sphere of radius λ around the ion, α, and by so doing, separate the local, chemically intricate ion interactions with water molecules (the solvent ligands) within the coordination sphere from the interaction of the ion with the medium (the bulk) outside the coordination shell. The chemical potential can then be written as [21] [22] [23] [24] 
where β = 1/k B T , k B is the Boltzmann constant and T is the temperature. x 0 is the probability of finding zero (0) solvent ligands within λ. (The position of the water molecule is defined by the position of the oxygen atom. The ion in the n th hydration state has n-ligands within λ.) The contribution to the free energy due to ion-bulk interactions when the ion is in the n = 0 state is µ ex α (n = 0) ≡ µ ex α (0). The probability of finding zero (0) solvent ligands within λ when the ion-water interactions are turned off is p 0 . This factor accounts for the free energy of creating an empty coordination sphere in the solvent and thus accounts for the packing (steric) contributions to µ ex α . The quasichemical form is obtained by noting that x 0 is specified by chemical equilibria of the form [21] [22] [23] [24] 42, 43 
where α[H 2 O] n denotes the ion plus n-water cluster within the coordination sphere and 'aq' indicates that the clustering reaction is in the presence of the bulk medium. Given the equilibrium constant of the above reaction is K n and the density of water molecules is ρ w , we immediately obtain [21] [22] [23] [24] 42, 43 
Note that the excess chemical potential of the cluster
(For ease in writing, we will denote H 2 O by w in all subscripts.) Approximating Eq. 3 by its maximum term, we get
K n is given by the ratio of partition functions of the cluster to individual molecules and can be challenging to calculate with full account of the surrounding medium 22, 23, 42, [44] [45] [46] . But the equilibrium constant K (0) n of the clustering reaction
in the ideal gas phase is more amenable to theoretical calculations. In Eq. 6, 'g' indicates that the solvent outside the coordination shell is non-interacting (or ideal); that is, the reaction is performed in the ideal gas phase. Since the free energy change for Eqs. 2 and 6, with appropriate choice of standard concentrations, are just
n , respectively, we find that
The first two terms on the right hand side represent the hydration free energies of the clusters containing 0 waters and n waters, respectively, and µ ex w is the hydration free energy of a water molecule.
A similar development can be pursued when the coordination shell is empty, which is equivalent to the case when the ion and solvent do not interact. Denoting the noninteracting solute by •, the analog of Eq. 7 is
Note that p 0 is related toK n 22,43 exactly like x 0 is related to K n (Eq. 3), and equilibria analogous to Eqs. 2 and 6 specifyK n andK (0) n , respectively. From Eqs. 5 and 7 we obtain:
Eq 9 not only permits the calculation of µ ex α , but it also suggests an approach to identify the optimal coordination state. For different n, we can compute K (0) n ; often highly descriptive forcefields, including ab initio potentials, are used to model the thermochemistry of the gas-phase reaction. The presence of the bulk medium outside the coordination shell is then corrected a posteriori by adding the free energy of hydrating the cluster and subtracting the free energy of transferring the requisite number of water molecules to the gas phase from the liquid. A continuum or dielectric model of the solvent is often assumed for this purpose. The coordination state that minimizes µ ex α is then identified as the optimal coordination state [25] [26] [27] [28] [29] [30] . In the primitive quasichemical approximation, the configuration of the gas phase cluster is not allowed to relax in computing the hydration free energy. To better understand this approximation, we first identify the role of the bulk medium on local ion-water clustering.
B. Role of the bulk medium on local ion-water clustering
The ratio of equilibrium constants K n andK n was earlier 42 shown to be
where W n is the free energy of forming the ion-water cluster in the presence of the bulk and µ ex α (n) is hydration free energy of the ion in its n th coordination state. Specifically,
where ε is the interaction energy of the ion with the rest of the medium, . . . 0 indicates averaging when the ion and the medium are thermally uncoupled (denoted by the subscript 0), and . . . |n 0 indicates that only cases with exactly n solvent molecules within the coordination shell are considered in averaging. By parsing the interaction energy ε into a local piece, ε local , obtained by considering ion-interactions with the n coordinating water molecules, and the remaining longrange piece, ε lr , we have
where we have made use of the rule of averages [22] [23] [24] , in rewriting the second factor on the right; . . . |n local indicates averaging such that the n-coordination shell molecules are thermally coupled with the ion, and the bulk medium is uncoupled from the ion but is coupled with the n-water molecules.
Identifying the first factor on the right in Eq. 12 by e −βξaq(n) and the second factor by e −βµ ex outer (n) , we have
We emphasize that e −βξaq(n) accounts for the contribution to the chemical potential due to the interaction of the ion with solvent ligands within the coordination shell in the presence of the medium outside, and e −βµouter (n) accounts for the contribution due to the interaction of the bulk medium with the ion when there are n solvent ligands present inside the coordination shell. Note that when n = 0, µ outer (0) = µ ex α (0) (Eq. 1). Thus we find that
(Our earlier work 42 had an error in factoring K n /K n . The error is discussed in Appendix A for completeness.)
Now if the medium outside the coordination shell was an ideal gas,
From Eq. 14 and 15, we get
and this together with Eqs. 7, 8, and 16 gives
Finally, substituting in Eq. 9 and noting Eq. 4, we get
C. Primitive quasichemical aproximation Equation 17 clearly identifies three different roles of the solvent medium and also helps us induce the physical consequences of the primitive quasichemical approach. The quantity ξ aq (n) − ξ g (n) is the change in the free energy due to the local ion solvent interaction upon coupling the gas-phase cluster with the bulk medium. It accounts for the energetics associated with the relaxation of the cluster in the presence of the medium. Utilizing gas phase geometries completely ignores this effect. Since the configuration of clusters with a high coordination state can be expected to be more sensitive to the presence of the
The quantity µ ex outer (n) accounts for the interaction of the bulk medium with the ion when there are n solvent ligands inside the coordination shell. Since the configuration of the cluster will change in the presence of the bulk medium, this quantity is also inadequately described when we do not allow the gas-phase cluster to relax. We do expect, however, that since only long range ion-solvent interactions contribute to µ ex outer (n), this quantity can be well captured by dielectric models of hydration.
The final term is the hydration free energy of an nwater cluster without the ion. It consists of packing interactions which are also typically ignored in the primitive quasichemical approach.
III. METHODS
Liquid water and ion water systems are studied under NVT conditions using Metropolis Monte Carlo simulations 47, 48 . The cubic simulation cell comprises 306 water molecules for the pure water system; ion-water system consists of an additional ion which is held fixed at the center. The box volume (L 3 ) is adjusted such that the number density in each case is 33.33 nm −3 . Water is modeled with the SPC/E potential 49 . Ion parameters and the magnitude of coordination radii are taken from our earlier study 42 . Electrostatic interactions are modeled by the generalized reaction field (GRF) approach [50] [51] [52] [53] [54] . Both Lennard-Jones and electrostatic interactions were truncated at L/2.
As in our earlier work 42 , Na + , K + , and F − ions were studied. Since the trends for F − follow those of the smaller Na + ion, for clarity we only present results comparing Na + and K + . The parameters for the ions were obtained from Ref. 50 .
Simulations are carried out for 6×10 5 sweeps. Each sweep consists of one attempted translation or rotation of each water molecule. The first 3×10
5 are set aside for equilibration. During the equilibration phase the maximum angular deflection and linear displacement of the water molecule is optimized to yield an acceptance ratio of 0.3. The optimized values are then held fixed for the next 3×10 5 sweeps. Configurations of the system are saved every 10 sweeps for analysis.
A similar simulation strategy was used for simulating ion-water and neat water clusters in the absence of the bulk medium. The solvent ligands comprising the cluster are restricted to a sphere of radius λ. Clusters were simulated for 6×10 7 sweeps with the first 3×10 7 sweeps used for equilibration and the next 3×10 7 sweeps used for production. During the production phase configurations of the clusters were saved every 10 sweeps for analysis.
A. Free energy of forming an ion-water cluster in the presence of the bulk medium
We calculate ξ aq (n), the free energy of inserting an ion within a cluster in presence of the external solvent, for n = 1 − 6 coordination states. For the ions studied here, the local chemical contribution k B T ln x 0 is fully accounted for by this coordination number 42 and thus these are the states of most interest.
ξ aq (n) is obtained indirectly by calculating the response of the medium, µ ex outer (n), and subtracting it from µ ex α (n), the hydration free energy of the ion in the n th coordination state (Eq. 13). Values of µ ex α (n) were taken from our earlier work 42 . To obtain µ ex outer (n), we simulate an ion water system in which the number of solvent molecules within the coordination shell was held at n. Further, solvent molecules within the coordination sphere are fully-coupled with the ion, but the ion interacts with the bulk medium at various fractional charge states qζ, where q is the charge on the ion and ζ = 0, 1/2 ± √ 12, 1. Ion-solvent pair correlation function was obtained from the ζ = 1 simulation.
The electrostatic contribution to µ ex outer (n) is determined by integrating the average potential, φ qζ , at the centre of the ion due to the bulk medium. qζ is the charge seen by the bulk water molecules. (We emphasize that the water molecules inside the coordination sphere always see a charge of q.) The electrostatic contribution to µ ex outer (n) is approximated by the two point GaussLegendre quadrature
which is exact to fourth order in perturbation theory 55 . For obtaining the van der Waals contribution to µ ex outer (n), we determine the distribution of ion-bulk interaction energies from the ζ = 0 simulation. The van der Waals contribution to µ ex outer (n) is then obtained by approximating this distribution by a Gaussian 56 within the inverse form of the potential distribution theorem.
B. Free energy of forming an ion-water cluster in the absence of the bulk medium
Ion-water clusters within the coordination sphere were studied at different fractional charge states to obtain the electrostatic contribution to the free energy of forming an ion-water cluster when there is no bulk medium outside the coordination sphere. (Ion-solvent pair correlation function was obtained from the ζ = 1 simulation.) To calculate the van der Waals contribution to the free energy, we first obtain the distribution of ion-solvent interaction energies for the neutral ion. We obtain the uncoupled binding energy distribution by performing test particle insertions of the neutral ion in neat water clusters. The vdW contribution is then obtained by histogram overlap 57 .
IV. RESULTS AND DISCUSSION

A. Pair correlation in K[H2O]6(aq) and K[H2O]6(g) clusters
For hydrated ions, an implicit assumption in using gas-phase clusters to calculate solution phase thermodynamic properties is that the average distribution of water molecules in the solution phase and gas phase clusters are similar. Examining the ion-water pair correlation (Fig. 1) does validate this assumption, but only for the low coordination states. KO , of the farthest water molecule from K + . Observe that in the absence of the bulk medium, this water molecule is closer to the boundary of the cluster. Figure 1 shows that the presence of the medium causes the cluster to be better packed, resulting in a somewhat sharper pair correlation for the cluster in the bulk than in its absence. As anticipated, the effect of the medium is most pronounced for the water molecule that is farthest from the ion (Fig. 1, Inset) .
The distribution of the water molecules comprising the n = 1, . . . , 3 coordination states is insensitive to the presence of the external medium (data not shown), a feature that is in accordance with our earlier 42 finding that there is a core group of water molecules with which the ion interacts strongly enough that the effect of the bulk medium on these water molecules is small. The higher coordination states are however influenced by the bulk medium as well. For the cluster with no bulk medium outside, the 6 th water molecule is closer to the boundary of the cluster, a position that also allows this water molecule to associate with the remaining water molecules in the cluster rather than with the ion. Similar incomplete shell effects, where the second hydration shell starts to form before the first shell is complete, have been inferred on the basis of experimental studies on gas phase clusters with water 58 or ammonia 59,60 as solvent ligands. Figure 2 shows that the bulk can stabilize configurations of the water molecules that would be unfavorable otherwise. The average excess internal energy ε w−w of the n-water molecules in the coordination sphere for the higher coordination states, relative to clusters in the absence of the bulk medium, is higher for the cluster that is extracted from simulations including the bulk. Further, ε w−w is relatively insensitive to the presence of the bulk for the low coordination states. Thus we find that the medium promotes better packing of water molecules around the ion by stabilizing configurations of the cluster which are otherwise unfavorable.
B. Medium effects on the free energy of forming ion-water clusters W n , the free energy of forming an ion plus n-water molecule cluster comprises a local contribution, ξ aq (n), and the response of the bulk medium, µ ex outer (n) − µ ex α (0) (Eq. 14). We next consider each of these contributions separately. Figure 3 shows that ξ aq (n) is insensitive to the presence of the medium for small clusters (n = 1, 2, 3). However for larger clusters (n = 4, 5, 6), not having a bulk medium 
The local contribution, ξ(n), to the free energy of forming an ion plus n-water molecule cluster. The filled symbols, ξaq(n), are results in the presence of the bulk (aq) and the unfilled symbols, ξg(n), in its absence (g). The radius of the coordination sphere is 3.7Å. For n = 1, 2, 3, ξaq(n) is insensitive to the presence of the bulk medium outside the coordination shell, whereas for n = 4, 5, 6, ξ(n) is more favorable with the medium than without.
to stabilize the cluster leads to a higher free energy. The difference, ξ aq (n) − ξ g (n) is always negative. Thus ignoring this difference while implementing cluster variation will predict a less favorable contribution due to that coordination state: in effect, the probability of observing these higher coordination states will be predicted to be lower than when the difference is included.
Our previous work showed that increasing the coordination radius λ decreases the chemical term W n . Intuitively, we expect a more favorable clustering free energy with increasing coordination radius because the ion can be better accommodated by the coordination shell solvent molecules, that is the local contribution becomes favorable and we expect W n to decrease because ξ aq (n) is expected to decrease. However, we find that increasing the coordination radius has no effect on the local contribution, ξ aq (n), for small (n ≤ 3) clusters and becomes marginally unfavorable for larger n = 4, 5, 6 clusters (Fig  4, Top) . The observed decrease in W n with increasing λ is in fact found to arise from a increasingly favorable medium response: µ ex outer (n) − µ ex α (0) decreases as λ increases (Fig 4, Bottom) . This feature emerges because the coordination shell solvent becomes insensitive to the presence of the bulk for large coordination radii. It is this feature that compensates for the increase in ξ aq (n) and leads to the observed decrease in W n . ), to the free energy of forming Na + plus n-water clusters. Note that increasing the radius λ of the coordination sphere does not greatly affect ξaq(n) for n ≤ 3 but increases it for n = 4, 5, 6. On the same scale, the response of the medium is more pronounced for the same change in λ and it tends to become insensitive to the presence of the coordinating solvents for large λ.
C. Cluster variation and optimal coordination states Figure 5 shows the local chemical contribution (Eq. 3) to the hydration free energy; a maximum term approximation has been used. Note that Eq. 3 can be rewritten as
where p n is the probability of observing n solvent molecules in the coordination sphere in the absence of the solute. Thus the maximum term approximation is simply ln x 0 ≈ W n − ln p n /p 0 . When the bulk medium is 
A maximum term approximation to the local chemical contribution (Eq. 3), ln x0 ≈ ββWn − ln pn/p0. For K + , neglecting the bulk medium in the local ion water clustering reaction leads to the identification of the n = 3 coordination state as the optimal (or most probable) coordination state. Account for the medium indicates that n = 7 is the most probable coordination state (cf. Fig. 7 in Ref. 42 ). For Na + , in the presence (absence) of the medium n = 7 (n = 4) states are indicated to be optimal (cf. Fig. 3 present, ξ aq (n) defines the local contribution to W n and when it is absent, ξ g (n) defines the local contribution. In both cases, we use the same long-range contribution µ Fig. 5 shows that neglecting the role of the bulk medium in the local ion-water clustering shifts the predicted most probable coordination state to n = 3, whereas the value obtained in simulations is n = 7 for λ = 3.7Å: within the maximum term approximation, µ ex K + is a minimum for n = 3 (n = 7) in the absence (presence) of the medium. For Na + , neglecting the medium suggests an optimal coordination state of n = 4, whereas in the presence of the bulk, a value of n = 6 is predicted. The value obtained in simulations 42 is n = 6. For both Na + and K + , any discrepancy between the optimal coordination predicted using cluster variation and those observed in simulations is well within the uncertainty in the calculations.
Earlier 42 we had defined dominant hydration structures on the basis of how an increment in the coordination number contributes to k B T ln x 0 , the local chemical contribution to hydration. If in going from n → n + 1, the contribution to k B T ln x 0 (Eq. 3) were only of the order of thermal energies (and substantially smaller than the contribution obtained in going from n − 1 → n), then the n-coordinate state was regarded as dominant. Since this definition is closely tied to the local interactions, it is expected to be insensitive to the definition of any chemically reasonable coordination radii. Fig. 5 shows that past n = 4 for both Na + and K + , the change in k B T ln x 0 is only modest. On this basis we would conclude that for the potential model used here, n = 4 is the dominant coordination state for Na + and K + , as was found earlier 42 .
V. CONCLUDING DISCUSSIONS
Effort has focused on using thermochemical data obtained either experimentally or from quantum chemical calculations from gas phase clusters to estimate single ion hydration free energies. An assumption often implicit in these studies is that the configurations of the clusters in the gas phase are similar to their aqueous counterparts. Our results show that this assumption is only true for small cluster sizes. For the Na + , K + , and F − ions considered here, clusters with less than three water molecules satisfy this requirement. For larger clusters, the external medium starts to influence the local ion-water interaction. The external medium stabilizes ion-water cluster configurations that are better packed around the ion, such that the local ion-solvent interaction contribution to the free energy of cluster formation is more favorable in the presence of the medium than without. For higher coordination states of the ion, and, more generally, for the coordination structure and thermodynamics of soft ions, our results show that the medium will play a sizable role in the coordination structure and thermodynamics of the hydrated ion. For these cases, accounting for the molecular characteristics of the bulk medium on the ion-water cluster is important in inferring the structure and thermodynamics of the hydrated ion.
Appendix A In Ref. 42 , the long-range contribution to K n /K n was erroneously left out from the equations. But these contributions were all correctly considered in the numerical work and hence no result is affected. Since presenting these corrections also provides a helpful alternative perspective on the equilibrium constants appearing in the quasichemical theory, we note those corrections here.
Eqs. 10 in Ref. 42 should be rewritten as )) (Eq. 15) and z w is the configurational partition function of a water molecules. U n+1 is the potential energy of the ion plus n solvent molecules within the coordination volume and U n is the potential energy of the solvent molecules in the absence of the ions. φ(R n , β) is the field of the bulk medium on the n solvent ligands in the coordination volume in the absence of the ion. Eq. A1a includes the factor γ n that was missing in Eq. 10a in Ref. 42 . Based on the above definitions, we can show that
where once again the factor γ n was left out in Ref. 42 . ∆U = U n+1 −U n is the interaction energy of the ion with the n solvent molecules within the coordination sphere. Note that ξ aq (n) = −β ln e −β∆U |n 0 (Eq. 14). Eq. A2 includes the factor γ n that was missing in Eq. 11, Ref.
42.
Finally, we note that Eq. A7 in Ref. 42 is properly µ ex outer (n) and not µ ex outer (0) as was indicated.
